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PARABOLIC EQUATIONS WITH MEASURABLE 
COEFFICIENTS 

o 

O ■ DOYOON KIM AND N. V. KRYLOV 

(N 

Q_i' Abstract. Wc investigate the unique solvability of seeond order 

.^ I parabolic equations in non-divergence form in W3'^((0,T) x R'*), 

p > 2. The leading coefficients are only measurable in either one 
spatial variable or time and one spatial variable. In addition, they 
are VMO (vanishing mean oscillation) with respect to the remain- 
Ph ! ing variables. 

< 

1. Introduction 

This paper is a natural continuation of our previous investigations 
[0], [El- By combining the techniques from these articles we investigate 
parabolic equations of type 

Ut + a'^{t, x)uxixk + V{t.i x)Ux3 + c(t, x)u = f (1.1) 






Q ' in Sobolev spaces Wp'"^ with p > 2 and the coefficients being just mea- 

\0 • surable in x^ but VMO with respect to other variables. Here 



O 



X 



(t,x) e M'^+^ = {it,x\x') : t,x^ e M,x' G M°'~^} 



c^ ■ and the equation is assumed to be uniformly nondegenerate with bounded 

coefficients. 

One of the advantages of having a "good" theory for such equations 
is demonstrated in jHj while treating the Dirichlet and Neumann prob- 
lems, the issues addressed in this paper as well. 

5^ i The amazing fact that there is a solvability theory in Sobolev spaces 

for elliptic and parabolic equations with discontinuous but VMO co- 
efficients was discovered in j2], |B], and [T]. Before that the Sobolev 
space theory was established for some other types of discontinuities 
[TTj . [TUj . jl], [in] (see also P ([Z|) for a modern approach covering 
p 7^ 2 in the elliptic (parabolic) case). Solvability theory for discon- 
tinuous coefficients is important not only from pure theoretical point 
of view but also from the point of view of applications, for instance. 
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2 DOYOON KIM AND N. V. KRYLOV 

to random diffusion processes, see, for instance, [Ej, jH]. Observe tliat 
the class of equations witli VMO coefficients and tlie class of equations 
with discontinuities treated in jTTj, |1], ^H]; [HI; [Z| have no common 
members apart from the equations with just continuous coefficients. In 
this paper we show that there is a unified approach to both cases al- 
lowing one to treat equations possessing one properties with respect to 
some variables and other properties with respect to the remaining ones. 
Here we show that the coefficients a-'*^(t, x^,x') may be just measurable 
in x^ and VMO in {t,x'). Even though the equations (and partly the 
results) of the present article and |HI are more general than those from 
DP ) 111 ) U\, [E] , they are not general enough to absorb P , where equa- 
tions are considered whose coefficients a^^ are allowed to be measurable 
in t and VMO in x. Furthermore, the results here cover those of [7] 
only for p > 2. On the other hand, in jH] and [7] the coefficients only 
measurable in x^ are not allowed. Thus, the classes of equations here 
and in P, [7j are quite different. 

It is worth noting that after [2], |S]; CP there were very many publica- 
tions on elliptic and parabolic equations with VMO coefficients (see, for 
instance, the above mentioned references and jS], [12] , [XHI; [H]; [T^ - 
and many references therein). The approach we employ here is quite 
different from the approaches of other authors and is taken from Pj . 

This paper is organized as follows. In section |21 we present our main 
results. The case p = 2 is investigated in section El In section |3 
we present some auxiliary results which are needed for the proof of 
Theorem 12.51 In section El we prove Theorem 12.51 

A few words about notation. As is seen from the above by (t, x) we 
denote a point in R'^+\ i.e., (t,x) = (t,a;\x') G M x M'^ = M'^+\ where 
t e M, x^ e M, x' e M'^^^ and x = {x^,x') G M.'^. By |m|o we mean the 
sup norm of u over the domain where u is defined. In this paper, we 
write A^ = N{d, . . . ) if A^ is a constant depending only on d, . . . . 

2. Main results 

We consider the parabolic equation ()1.1|) with coefficients a^^, V , 
and c satisfying the following assumption. 

Assumption 2.1. The coefficients a^^, b' , and c are measurable func- 
tions defined on M'^"'"'^, a^'^ = a^K There exist positive constants 5 G 
(0, 1) and K such that 

\V{t,x)\<K, \c{t,x)\<K, 

d 

j,k=i 
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for any (t, x) E M'^+^ and -d e R'^. 

We look for solutions of parabolic equations in the usual Sobolev 
space 

W^'^{{S,T) X M'^) = {u : n,n,,n,,n,, G Lp((5,T) x M'^)}, 

— oo < S < T < oo with usual norm. Throughout the paper, as in [H], 

we set 

fir = (0,T) xR"^. 
Thus, for instance, 



By Vrp'^(r2T') we mean the collection of functions in Wp''^{Qt) van- 
ishing at t = T. We denote the differential operator in (jl.lll by L, that 

Lu = Ut + a-' u^j^k + Vu^j + CM. 

Our first result is about the case p = 2. In this case, we do not 
require any regularity assumptions on the coefficients a^^ if they are 
functions of only {t,x^) G M^. 

Theorem 2.2. Let Assumption \2.1\ he satisfied and let the coefficients 

a^^ he independent of x' G M"'~"'^. Then for any f G L2{^t), there exists 

"12 
a unique u G W2 (^r) satisfying Lu = f in (0,T) x M . In addition, 

there is a constant N = N{d, 6, K, T) such that, for any u G W2 {^t), 

Remark 2.3. The assertion of Theorem 12. 21 is also valid if a^^{t, x) are 
uniformly continuous as functions of x' G W^~^ uniformly in (t, x^) G 
M^. This can be shown by using the standard techniques based on 
partitions of unity and considering the equation on small time intervals 
allowing one to absorb the L2-norm into the W2 ' -norm. Actually, there 
also is a standard way, which can be found, for instance, in P], to avoid 
solving the equation step by step on small time intervals moving down 
from t = T to t = 0. 

If p G (2, 00), we suppose that the coefficients a^^ are measurable in 
x^ G M and VMO in (t, x') G M*^. To state this assumption precisely, 
we introduce the following notation. Let 

Br{x) = {y eW^ ■.\x -y\< r}, 

B'^{x') = {y' G R''"^ : \x' - y\ < r}, 
Qr{t, x) = {t,t + r^) X Br{x), Tr{t, x') = {t,t + r^) X B'^{x') 
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4 DOYOON KIM AND N. V. KRYLOV 

Ar{t, x) = {t,t + r^) X (x^ - r, x^ + r) X B'^{x'). 
Set Br = -Br-(O), B'r = B'j.{0), Qr = Qr(0), and so on. By |i?^| we mean 
the d — l-dimensional volume of -B^(O). Denote a = {a^^) and 

osc(^t,x') {a,Ar{t,x)) = r'^lB^l'"^ / A(^t,x'){T) dr, 

J x^—r 

where 

\t.x'){T) = / \a{a,T,y') -a{g,T,z')\dy'dz'dadg. 

Jia,y'),{e,z')err{t,x') 

Also denote 

a* = sup sup OSC (^t, x' ) (O', Ar{t, x)) . 
(i,z)eKd+i r-<R 

Assumption 2.4. There is a continuous function uj{t) defined on 
[0, oo) such that uj{0) = and a^ < uj{R) for all R G [0, cx)). 

Theorem 2.5. Lei p G (2, oo) anc? /ei Assumptions \2.I\ and \2.4\ be 



satisfied. Then for any f G LplQj-), there exists a unique u G Wl;'^{VLrp) 
such that Lu = f in (0,T) x M.'^. Furthermore, there is a constant 

N = N{d,6,K,p,u,T) such that, for any u G Wl''^{nT), 

||M|U^i.2(n^) < N\\Lu\\L^^nT)- 

Remark 2.6. As usual in such situations, from our proofs one can see 
that instead of the assumption that a^ — > as i? | 0, actually, we are 
using that there exists R G (0, oo) such that a^ < e, where e > is a 
constant depending only on other parameters of the problem. 

We now show how to treat the Dirichlet and oblique derivative prob- 
lems for parabolic equations in half spaces. By the fact that coefficients 
are allowed to be measurable in one direction, in solving these prob- 
lems, we need only the results for equations in the whole space. Denote 

R^ = {x G M'^ : x^ > 0}, n^ = (0, T) x M^, 

dtn+ = {(T, x) : X G M^}, d^n+ = {(t, 0, x') : < t < T, x' G M'^"^}, 

a'fi+ = 9ifi+ u d^n^. 

Below in this section we suppose that coefficients a^'^, V , and c satisfy 
Assumption 12.11 

Theorem 2.7. Let 2 < p < oo. Assume that a^^ are independent 
of x' G W^"^ if p = 2. In case p > 2, we assume that a^^ satisfy 
Assumption \2.J\ Then for any f G Lp{Q^), there exists a unique 
u G Vri'2((]+) such that Lu = f in (0,T) x M^ and u = on d'Q^. 



PARABOLIC EQUATIONS WITH MEASURABLE COEFFICIENTS 5 

Proof. Introduce a new operator Lv = a^^v^ox'^ + bv^i + cf , where a^^, 
b^ , and c are defined as either even or odd extensions of a-''^, b^ , and c. 
Specifically, for j = k = 1 ot j,k G {2, . . . ,d}, even extensions: 

a^'' = a^\t, x\ x') x^ > 0, a^'' = a^\t, -x\x') x^ < 0. 

For j = 2, . . . ,d, odd extensions: 

d^^ =a^\t,x\x') x^>0, d^' = -a^^{t,-x\x') x^<0. 

Also set d^^ = d^K Similarly, b^ is the odd extension of 6^, and V , 
j = 2, . . . ,d, and c are even extensions of b' and c respectively. We see 
that the coefficients a-''^, b' , and c satisfy Assumption 12. 11 In addition, 
if p > 2, the coefficients d^^ satisfy Assumption 12.41 with 2uj. 

Let / be the odd extension of /. Then it follows by Theorem 12.21 

or 12.51 that there exists a unique u G Wp''^{Qt) such that Lu = f. It 



is easy to check that —u{t,—x^,x') G ^^^'^(^2^) also satisfy the same 
equation, so by uniqueness we have u(t,x^,x') = —u(t,—x^,x'). This 



and the fact that u G Wp''^{fiT) show that that u, as a function defined 
on (0, T) X M^, is a solution to Lu = f satisfying m = on d'fl^. 
Uniqueness follows from the fact that the odd extension of a solution 



u belongs to Wp''^{Qt) and the uniqueness of solutions to equations 
in Qt- □ 

The following theorem addresses oblique derivative problems. 

Theorem 2.8. Letp and a^^ he as in Theorem \2. 1\ Let i = (i^, ■ ■ ■ ,i'^) 
be a vector in M"' with ^-"^ > 0. Then for any f G Lp{Q^), there exists 
a unique u G Wp^'^iVt^) satisfying Lu = f in (0,T) x W^, i^u^j = on 
dx^^ = 0, and u = on dt^^ = 0. 

Proof. Let ip{x) = {i'^X'^,i'x^ + x'), where £' = (£^, . . . ,£'^). Using this 
linear transformation and its inverse, we reduce the above problem to 
a problem with Neumann boundary condition on dx^^- Note that, 
in case p > 2, the coefficients of the transformed equation satisfy As- 
sumption [231 with Nuj{N-), where A^ depends only on d and i. Then 
the latter problem is solved as in the proof of Theorem 12.71 with the 
even extension of /. D 

Remark 2.9. Solutions to problems in the above two theorems satisfy 
the Lp-estimate. That is, if m is a solution, then 

\\u\\w^'\n+) <^ll/llL,(n+), 

where A^ is a constant depending only on some or all parameters - d, 

(5, K, p, u, T, i. 
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3. Proof of Theorem 12.21 
Introduce 

Lou{t,x) = Ut{t,x) + a^''{t,x^)urcJxk{t,x), (3.1) 

Lemma 3.1. Assume that d = 1. Then for any A > and f G L2(M^) 
there exists a unique solution u G W2' (M^) of the equation LqU — Xu = 
f. Furthermore, there is a constant N = N{S) such that for any A > 
and u G W2 ' (M^) we have 



+A||u||l2(r2) < iV||Lon - An||i2(iR2). (3.2) 

Proof. As usual we only need prove ()3.2|) and only for u G C^(]R^). 
Take such a function, denote a = a^^ , f := Lqu — An, and write 

a~^l'f = a''^u,, + a-^/\u,-\u), 

a~^ f"^ = au^.^ + 2uxx{ut — \u) + a^^iut — Xu^. 
Then integrate through the last equation over M^ and notice that 

d_ 

2 / UxT.u dxdt = — I u^ dxdt. 



UxxUt dxdt = — 2 / UxUxt dxdt = — / t^m^ dtdx = 0, 



Then we 


find 












6~^ [ f^ dxdt >6f 

Jr'2 ilR2 

Upon observing that 


2 

Uxx 


dxdt + A / 


ul dxdt + S {% 

JR2 


iR2 


- An)^ dxdt = 


Jr2 


u\ dxdt 


-2A 


7r2 


UtU dxdt + A^ 


'I 

JM2 

we finish the proof. 


UiUi 


ixdt = - 


^182 


d 

dt 


dxdt = 



n^ dxdt. 



n 

We now generalize Lemma f3. II to cover the multidimensional case. 

Theorem 3.2. For any A > and f G L2(M^^^) there exists a unique 
solution u G W2' (M'^^^) of the equation LqU — An = /. Further- 
more, there is a constant N = N{6) such that for any A > and 
u G W2'^(M'^+^) we have 

||'"i||L2(M'*+i) + II^xx||l2(K''+1) + V A||na;||i2(Rd+i) 
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+ ^lkllL2{Kd+i) < N\\LqU - AM||i2(Kd+i). (3.3) 

It is worth saying that by 
in ()3.3j) we mean L2-norms of 

/ Y^ I i2\l/2 1 / Y^ I i2\l/2 

(2^Pxfe| j and [2_^\u-,k^j\ ) , 

k k,j 

respectively. Different definitions could make N depend also on d. 

We prove this theorem after some preparations. Again it suffices 
to only prove (j3.3|l and only for u G C^(M'^"'"^). In addition we may 
assume that a^^ are infinitely differentiable. Fix such u, a^\ and A > 
and set 

/ := Lqu — Xu. 

Let ^ G M*^^^ and let 'il}{t,x^,^) denote the Fourier transform of 
ip{t,x^,x') with respect to x' G M*^"^. By taking the Fourier transform 
(with respect to x' G R'^""'^), we obtain 

ut{t, a;\ + a(^> a;^)n^i^i (t, x^, + i 2 b(t, x\ ^)u^i {t, x^,^) 

-c(t, x\OHt, x\0- AS(t, x\0 = fit, x\0, (3.4) 

where i = -\A-T, 

d 

a{x')=a'\x'), b(t,x\0 = E«''(^'^')^'' 

i=2 

c(t,x\o= $^a^'(t,xi)ee'. 

i,fc=2 

Introduce a function 

where 0(t, 0,,^) = and (j)xi{t,x^,^) = a~^b(t,x^,^). It is easy to see 
that p satisfies 

Pt + ap^i^i - (c - a^^b^ + A + i0i + ia0^.i^.i) p = /e^^. (3.5) 

In the following lemma ^ is considered as a parameter. 
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Lemma 3.3. Let |^p + A > 0. Then we have 

\p{t,x\0\<pit,x\0, (3.6) 

where, for each ^ G M'^"-'^, p(t,x^,C,) is the unique W2' (K^) solution of 

p, + ap.i,.i-(A + 53|e|2)p=-|/|. (3.7) 

In particular, (by Lemma \3.1\) 

(ier + A)ii«(-,-,oiu.(M^) = (iep + A)iip(-,-,oih 



<(|er + A)||p(-,-,OllL.(M^)<iVWII/(-,-,OIU.(M^)- (3.8) 

Proof. First, observe that by Lemma l3. II the function p indeed exists 
and by the maximum principle it is nonnegative. Also since |/| is 
Lipschitz continuous, p is twice continuously differentiable in x and 
once in t. 

Assume that, for a fixed .^, ()3.6|) is violated. Then, due to the fact 
that p has a compact support, there is a point (to,a^o) such that 

|p(to, xl) I - p(to, xl) = max(|p(t, x^)\- p{t, x^)) > 0. (3.9) 

Since \p{tQ,x\)\ > and p is smooth, the function \p\ is twice differen- 
tiable at {to,xo) and at this point 

I I 3f?(pPx.i) . , , ^Pt) . 
\p\x^ = — n — ^ P^^^ \P\t ^ — n — ^ Pi' 
IpI IpI 

IpIxIxi = r-nTdpHp:,!!^ - (3fi(pp^i))^) + -ri^ippx^x^) < Px^X^- 
\p\ \p\ 

Obviously, (9fJ(pp^.i))^ < |pp|pa,ip, so that we also have 

— -3f?(pp^.i^i) < p^i^i. 
\p\ 

Next, we multiply (j3.5j) by rj := p/|p| and take real parts of both 

sides to get 

^ivfe'^) = ^^ivPt) + B^ivPx^x^) - (c - a-^b^ + A)|p| (3.10) 

Concentrate on this equation at the point (to, Xq) and use the above 
manipulations with the derivatives to see that at (to, Xq) 

^ivfe"^) <Pt + ap.1.1 - (c - a-^b^ + A)|p| 

= -\f\ + {6'\^\' + X)p-{c-a~W + X)\p\. 
Here, |p| > p > and as is easy to check (see, for instance. Lemma 3.1 
in jH]), c - a^^b^ > (J^l^p. Therefore, (always at (to,a;o)) 
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SO that we get 

3?(r//V^) < -I/I + im' + A)/5 - (c - a-^b^ + A)|p| < -|/|. 
This leads to a contradiction because |?7| = 1 and proves the lemma. D 
Lemma 3.4. For any e > 0, there exists a constant N{e, 6) such that 

{\^\+^)\\pA-r,0\\L,(r^)<N{e,6)\\f{-r.0\\L,iR^)+4ut{-,-,0\\L,{R'^)- 

(3.11) 

Proof. We go back to equation (j3.1(jp . which we multiply by |p|, divide 
by a, then integrate over M^, and use that c < (5~^|.^p and |6| < (5^^|^|. 
We also use the fact that 

JR / pp^i^i dxdt = — / Ip^i]"^ dxdt, 

iR2 >/m2 

2^{ppt) = -\p\' = -\u\' = 2^{^ut). 
Then we obtain 

IPxi]"^ dxdt < 2 / a^^\uut\dxdt 



+iV(A + |^n / \p\'^dxdt + 2 f a~^\pf\dxdt. 

We estimate the terms on the right by using Young's inequality and 
assuming without losing generality that A + |,^p 7^ 0. For instance, 

2/ a^^\uut\dxdt<6~^e~\\ + \^\^) \u\'^ dxdt 

JM2 JM2 

+e(A + I^H"^ / \ut\^dxdt. 

Jr'2 

We also use (|3.8|) . Then we easily get (|3.11|) . D 

Proof of Theorem 13.21 Since 

u = pe~"^, u^i = [p^i - ia~^bp]e""^, 

and |b| < iV|,^|, Lemmas 13.31 and 13.41 implv that for any e > there is 
an N{e, 6) such that 

(ler + x')\\u{; ■,oiiL(M2) + {\e + muA; ■,oiiL(R2) 

<iV(e,5)||/(-,-,0llL(M2)+e||n,(-,-,0llL(M2). (3.12) 

Then fl3.4|) shows that for any e > there is an N{e, 6) such that 

ll(wt+aWxixi)(-,-,0llL(K2) <A^(£,'5)||/(-,-,OllL(M2)+e||Mt(-,-,OllL(R2), 
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which after being combined with Lemma 13.11 (with A = there) leads 
to 

ll^t(T)0llL2(M2) + ||Mx-ixi(-,-,0lli2(M2) 

<iV(e,<5)||/(-,-,0llL(M^)+^||^*(-,-,0llL(M^)- (3.13) 

The reader might have noticed that in the above computations the 
constants N{e, 6) are changing from hne to hne and e was sometimes 
multiphed by a constant of type N{6). However, N{6)e is as arbitrary 
as e. Upon taking e = 1/2 in (j3.13p we conclude that 

After that (jTT^ yields 

(ier + A2)ii^(-,-,oilL(M^) + (ieP + A)iis.i(-,-,oilL(R.) 

<N\\fi;;0\\liR^y (3-15) 

To get ()3.3|) now it only remains to integrate through ()3.14p and 
()3.15|) with respect to ^ and use Parseval's identity. The theorem is 
proved. D 

Theorem 12.21 is derived from Theorem 13.21 in a standard way, which 
can be found, for instance, in |H]. Theorem 12.21 is proved. 



4. Auxiliary results for equation in W. 



l,2md+l^ 



We assume in this section that a^^ are measurable functions only of 

x^ e M. Set 

Lou{t,x) = ut{t, x) + a^^{x^)u^j^k{t, x). 
By d'Qr(t,x) we mean the parabolic boundary of Qr(t,x) defined as 
d'Qrit, x) = {[t,t + r^] X dBr{x)) U{{t + r\y):ye 5,(a;)}. 

Lemma 4.1. There exists N = N{d,6) such that, for u G W2' (Qr) 
with u\d'Q^ = 0, we have 

rM \u:,\'^ dx dt + \u\^dxdt<Nr^ \Lou\'^dxdt. (4.1) 

JQr JQr JQr 

Proof. Assume that ()4.H) is true when r = 1. For u G W2' {Qr) with 
u\d'Qr = 0, we set 

d d'^ 

^'^^di^^'^^''^''' dxWx>' ^"""^ u{t,x)=r-\{r\rx). 
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Then u G W2' (Qi) and Lou{t,x) = Lou{rH,rx) in Qi- Since Lq 
satisfies the same elhpticity condition as Lq does, we have 

\u\^ dx dt = r'^'^^ / \u?dxdt 



<Nr^^^ I \Lou\'^ dx dt = Nr^ f \Lou\'^dxi 

jQl JQr 



Jqi ' ' JQt ' 

Also 



\ux\'^ dx dt = r'^'^^ / \ux\'^dxdt 
<Nr'^+^ f \Lou\'^ dx dt = Nr"^ f \Lou\'^dxdt. 

JQl JQr 

This shows that we need to prove the lemma only for r = 1. 
In this case, we divide Lq by a^^(x^). That is, by setting 

we have 

ut/a^^ + d^^u^j^k = f/a^^. 

Then using the ellipticity of a^^ and integration by parts, we obtain 
5"^ / \uA'^dxdt< / d^'^UTjU^k dx dt = — / ud^^u^j^k dxdt 



, -"•■'•"-' —'^■'— '- ' 



, " 



11 

YY [ut - f) dx dt. 



Note that 



Jqi a^^ Jb, a" Jo J Br 2aii 

where we used the fact that a^^ is independent of t and u{l,x) = 0. 
Thus we have 

(5^ / \ux\'^dxdt<— / -^fdxdt 
JQl JQl ^ 

<S~^(f u^dxdtj (f fdxdtj . 

By using Poincare's inequality, we estimate the integral of u"^ in the 
last term through that of {uxl"^- This gives us the needed estimate for 
Ux- For the estimate for u, we use Poincare's inequality once again. 
The lemma is proved. D 
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Lemma 4.2. Let < r < R. There exists N = N{d, 6) such that, for 
ueW^'^Qr), 

Proof. The proof is just a repetition of the proof of Lemma 4.2 in jH] 
and is based on ()H.H|1 with A = 1 and Qm and Cm, specified below. 
Introduce 

Vm ^ Wrm ^ \U, Tm ) X iDrm.^ TTl ^ i, Z, . . . , 

where tq = r and r„ = r + (i? - r) ^™^^ 2"^ Also let Cm e Co°°(^'^^^) 
be such that 

1 on Qm 

\ [(-r^+l^r„+l2) X 5^^+J 

and 

rym+l r)2m+2 o2m+2 

|(Cm)x|0<iVl5 ' \{Cm)t\0<N— r^, | (Cm,)xx |o < iV^ 



Cm(,t, 2;) — ^ ^ _ irpd+l 



R — r [R — ry [R — r)'^ 

where A^ is a constant. In fact, we construct C»n as follows. Let g{t) be 
an infinitely differentiable function defined on M such that g{t) = 1 for 
t < 1, g{t) = 0, for t > 2, and < ^ < L Then define 

pUx) = g{2^^\R - rY\\x\ - Tm) + 1), 

r/^(t) = g{2^^\R - ry\^\ - r^) + 1), 

Cm{t,x) =r]mit)pm{x). 

D 

Lemma 4.3. Let < r < R and 7 = (7-'^, ■ ■ ■ ,7*^) be a multi-index 
such that 7"*^ = 0, 1, 2. If h is a sufficiently smooth function defined on 
Qr such that LqH = in Qr, then 

f \D1'Dlh\^dxdt<N f \h\'^dxdt, 
Jqt Jqr 

where m is a nonnegative integer and N = N{d, 6, 7, m, R, r). 

Proof. Since a^'^ are independent of t G M and x' G M'^"^, we have 
LoiD^h) = and Lo{D2' h) = 0, where 7' = (0,7^, . . . ,7°'). Then the 
proof is completed using Lemma 14.21 and the argument in the proof of 
Lemma 4.4 in jH]. D 

Throughout the rest of this paper, depending on the context, by h^' 
we mean one of h^j, j = 2, . . . ,d 01 the whole collection consisting of 
them. By h^ we mean one of h^j, j = 1, . . . ,d or the full gradient 
of h with respect to x. Also, by h^^' we mean one of h^j^k, where 
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j G {1, . . . ,d} and /c G {2, . . . , c?} or the collection of them. Norms of 
these collections are defined arbitrarily. 

Lemma 4.4. Let h be a sufficiently smooth function defined on Q^ 
such that LqH = in Q^. Then 

sup \htt\ + sup |/ite| + sup |/ite/^| + sup \h^>xx\ < N\\h\\L^(^Q.^), 
Qi Qi Qi Qi 

where N = N{d,6). 

Proof. We prove that 

sup|/i| +sup|/i^i| < N\\h\\L2{Qr), (4.2) 

Qi Qi 

where 2 < r < 3 and A^ = N{r, d, 6). If this is true, then using the fact 
that 

Loht = LqUu = L^htx' = LqHix'x' = Loh^'x' = LqHx'x'x' = 
we obtain 

sup |/lti|+SUp |/lte|+SUp |/ite/a;|+SUp \hx'x'x\ < A^ ^ \\D^Dl,h\\L^{^Q^). 
Qi Qi Qi Qi ^,^|^|<3 

This and Lemma f4. 31 prove all the desired estimates except 

SU-p\hx>x^xA < ^II^IIqs- 
Qi 

However, this one holds true as well because 

a '^x'x^x^ ~~ '^x't / ^ '^x'x^x^' 

To prove ()4.2p . we observe that, due to the Sobolev embedding the- 
orem, there exist positive constants m and A^ such that 

sup \hxi\ <N J2 (PM'^xi||l2(Q2) + \\D^Dlhxix4L,{Q2)) ■ 
'5^ fc+|7|<m 

By Lemma 14.31 the right side of the above inequality is not greater 
than a constant A^ = N{r, d, 6) times ||/?'||L2(Qr)) 2 < r < 3. This proves 
that 

sup\hxi\ < A^||/i||L2(Q.)- 
Qi 

Similarly, we have the same inequality as above with h in place of hx^ . 
Therefore, ()4.2|) is proved, so is the lemma. D 
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Let u G C^(]R'^"^^). Assume that a^''{x^) are infinitely differentiable. 

Then there exists a sufficiently smooth function h defined on Q4 such 

that 

LqH = in Q4 

h = u on ffQi 

The functions u and h satisfy the following inequality. 

Lemma 4.5. There exists a constant N = N{d, 6) such that 

sup \htt\+ sup \htx\ + sup \ht^'x\ + sup l/i^'xxl 
Qi Qi Oi Qi 

< iV ( II ivon 11^2(04) + \\uxx\\l2{Q4)) ■ 

Proof. We need only follow the argument in Lemma 4.6 in jS] along 
with Lemma f4. II and W^ D 

Denote by {u)Q^(^to,xo) the average value of a function u over Qr{to, xo), 
that is, 



+ u{t,x) dxdt. 

J Qr(t(),X()) 



[U)Q,.(to,xo) 

J Qr{to,Xo) 

Lemma 4.6. Let k > 4 and r > 0. Assume that a^''{x^) are infinitely 
differentiable. For u G C^(]R'^^"^), we find a smooth function h defined 
on Q^r such that LqH = in Q^r and h = u on d'Qi^r. Then there 
exists a constant N = N{d, 6) such that 

I \ht-{ht)Q^\^dxdt+ + \h^:„> - {h^^')Q^\'^dxdt 

Proof. By the dilation argument as in the proof of Lemma I^TTl we need 
to prove our assertion only in the case r = 1. In this case, we use 
Lemma 14.51 and the dilation argument again to obtain 

K^ sup \htt\^ + sup \ht^\^ + K^ sup |/lte'xP + sup \h^'xx? 

Qft/4 Qk/4 Qn/i Qii/i 

< Nk~^ [{\Lou\^)q^ + {\u,x?)q:\ . (4.3) 

Set V to be either ht or h^x'- Then by the fact that k > 4 it follows 
that 

-f \v — {v)q^\^ dxdt < N sup \vt\^ + A^ sup \vx\^. 

J Ql Qk/4 Qk/4 

This and (j4.3p prove the assertion of the lemma in case r = 1. The 
lemma is proved. D 
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Lemma 4.7. There exists a constant N = N{d,6) such that, for any 
K > 4, r > 0, and u G C^(]R'^+^), we have 

\ut- {ut)Q^\^dxdt+ f \u^x' - {uxx')Qr\^dxdt 

J Qr 

Proof. Use Lemma 14.61 14 .21 14.11 and the argument in the proof of 
Lemma 4.8 in jS] (also see Remark 4.3 there). D 

5. Proof of Theorem 12.51 

We assume in this section that all assumptions of Theorem 12.51 are 
satisfied. However, in Theorem 15.11 the assumption that u;(r) — > as 
r I is not used. Recall that 

Lqu = Ut + a^ u,j.jxk. 

Let Q be the collection of all Qrit,x), {t,x) G M'^+\ r e (0,cx)). For 
a function g defined on M'^"'"^, we denote its (parabolic) maximal and 
sharp function, respectively, by 



Mg{t,x)= sup f \g{s,y)\dyds, 

{t,x)eQ J Q 

9*{t,x)= sup f \g{s,y)-(g)Q\dyds, 

{t,x)&Q J Q 

where the supremums are taken over all Q G Q containing {t,x). 

Theorem 5.1. Let ji, v E (l,cx3), l//i + 1/z/ = 1, and R E (0,cxd). 
There exists a constant N = N{d, 6, /i) such that, for any u E C^{Qr), 
we have 

{u,)* + {uxx'f < N{a*Tl^ [M(|r l^'^^l '/^''^ 



m.T.T 



+N [MdLowH]" [M{\uxx?)f + N [MdLowH]'/' , (5.1) 

where a = l/{d + A) and (3 = {d + 2)/ {2d + 8) . 

Proof Let K > 4, r G (0, oo), and {to,Xo) = (to,2;J,Xo) G M"'+^ Also 
recall that the sets Trit^x') are introduced in Section |21 and set 

a-''^(x^) = -f a^''{s,x^,y')dy'ds if nr < R, 

a^k(x^)= -f a^^{s,x\y')dy'ds if nr > R. 
JTr 
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For p > 0, we denote 

Ap = {\Lou\ )Qp(to,xo), ^p = {\Uxx\ )Qp{to,xo), Cp = {\Uxx\ ^)Qp{to,xo)- 

Set Lqu = Ut + d^'^u^j^k. Also set w to be either ut or Uxx'- Then by 
Lemma [4. 7^ we have 

(k - (^)Q,.(to,.o)r)Q.(,,.„) < Nk'^' (l^onr)Q^,.(,^^,^) + Nn~'B^,. 

(5.2) 
Note that 



/ 

Jq, 



LQu\'^dxdt<2 / \Lqu\^ dx dt + I , (5.3) 

jQK.r(tn.xn) 



where / is a constant times 



"i A^A+ - _ _ _ ^ tV*^ tVm 



I \{Lo-Lo)u\''dxdt= I ■■■<Ji''J2 , 

Ji = / \d — a\^^ dxdt, 

•JQiir{to,Xo)r\Qli 

J2= [ \uxx\'^''dxdt<N{Kry+\C^rT- 

jQKr(to,Xo)nQR 

Observe that if nr < R, 



Xq+KT 



Ji ^ N I / |a — a| dx' dt dx^ 



< N{KrY+^a*. < N{Kr) 






In case nr > R, 

Ji<N I I \d-a\ dx' dt dx^ < NR'^+^a* < N{KrY+'^a*. 

J ~R Jtr 

iFioTn ()5.3|) and the above estimates, we have 

This, together with ()5.2|1 . gives us 

(k - (^)Q.(.o..o)r)Q.,„,„) < Nn'^\a*)'"^C.^ 

+ Nn'^+^A^r + N^-^B^r. (5.4) 

Now observe that iS^r < M{\uxx\'^){t,x) for any (t,x) G QritQ,Xo). 
Similar inequalities hold true for A^r and C^r- From this fact and ()5.4j) 
it follows that, for any (t,x) G M.^~^^ and Q eQ such that (t,x) G Q, 



Itf — (tf^ '^ 



)q < iV (^fi:'^+2^a*)^/T(t, x) + fi:'^+M(t, x) + K"'S(t, x; 
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where 

A = M{\L,u\^), S = M(|n..n, C={M{\u,,\^>^)y'r 

Note that the above inequahty is proved for k > 4. In case < /t < 4, 
we have 

j \w- {w)q\^ dxdt < {\w\^)^ < N {\L^u\^)q + N (|n,.,f )q 

J Q 

<N{A{t,x) + 16K~^B{t,x)) 
for [t, x) E Q E Q. Therefore, we finally have 

{\w-{w)Q\')^<NK'^+'{a*y/'^C{t,x) 

+Ar(K^+2 ^ i)^(^^ ^) ^ NK~^B{t, x) 

for all K> 0, {t,x) e M''+^ and Q eQ satisfying {t,x) G Q- 

Take the supremum of the left side of the above inequality over all 
Q E Q containing (t, x), and then minimize the right-hand side with 
respect to /t > 0. Also observe that 

( -j- \w — {w)Q\dxdt) < -j- \w — {w)q\'^ dxdt 

J Q J Q 

Then we obtain 
[w*]\t,x) < NA{t,x) + [(a#)i/T + ^]'/^'"*"'^i3('^+2)/(d+4)(^^^)^ 

Here i3 < C and this leads to (jSH). D 

Corollary 5.2. For p > 2, there exist constants R = R{d,S,p,uj) and 
N = N{d, 6,p) such that, for any u G C^{Qb), we have 

Proof. Set Lp = Lp(R"'"'"^). Choose a number // such that p > 2fi > 
1. Then we use (15.111 together with the Fefferman-Stein theorem on 
sharp functions, Holder's inequality, and the Hardy-Littlewood maxi- 
mal function theorem to obtain 

||nt|U, + ||n,,,|U^<iV(a*)"/'^||u,,|U, + iV||LoM||i'^||M,,||f^ + iV||Lon|U„ 

(5.5) 
where, as noted in Theorem 15. 11 1/fi + l/u = 1 and 2a + 2j3 = 1. Now 
we notice that 



Ux^x^ = -j^ Lqu -ut- ^ 



Ci (Jl r^j rj> k 



iFiovn this and ()5.5p . we have 

\\uxx\\l, < N{a*r^''\\u,4L, + iV||Lon||i'^||n,,||f^ + iV||Lon|U^. 
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Choose an appropriate R such that 

N{a*y/'' < 1/2. 
Then 

i^\\uxx\\l^ < NWLouW^^^Wu^^Wf^ + iV||Lon||L^. 
This finishes the proof. D 

Lemma 5.3. Let T e (0, oo] . Then there exists Aq = Ao((i, 5, K, p, u) > 



such that, for all A > Aq and u G WI;'^{VLt), 

M\u\\Lp{p.T) + WuxxWh^i^T) + ll^tlUp(nT) < N\\Lu - AM||Lp(nj,), 
where N = N{d, 6, K, p, u) (independent of T). 

Proof. We have an Lp-estimate for functions with small compact sup- 
port. Thus the rest of the proof can be done by following the argument 
in p. D 

Now Theorem 12.51 follows from the above lemma and the argument 
in Pj . This ends the proof of Theorem 12.51 
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